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1. Introduction
For a finite group G and a non-negative integer t , let PG(t) be the probability that t
random elements generate G. In [11] Hall proved that
PG(t)=
∑
HG
µ(H,G)
[G :H ]t ,
where µ is the Möbius function of the subgroup lattice ofG. Hence PG(t) can be exhibited
as a finite Dirichlet series
∑
n∈N ann−t with an ∈ Z and an = 0 unless n divides |G|. So,
in view of Hall’s formula, we can speak of PG(s) for an arbitrary complex number s. The
function PG(s) is the multiplicative inverse of a zeta function for G, as described by Mann
[14] and Boston [2].
The ring of finite Dirichlet series with coefficients in Z has the property of unique
factorization. Boston suggested that the study of the irreducible factors of PG(s) could
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number-theoretic interpretation. He called these factors the generalized Euler factors.
The normal subgroups of G play a crucial role in the factorization of PG(s). If N
is a normal subgroup of G and t is an integer with t  d(G/N), define PG,N(t) =
PG(t)/PG/N (t); this is the probability that a t-uple generates G, given that it generates
G modulo N. Gaschütz [9] gave a formula for PG,N(t), generalizing Hall’s formula. As
it is noticed in [3], although Gaschütz avoided explicit mention of Möbius function, his
formula can be written as
PG,N(t)=
∑
HN=G
µ(H,G)
[G :H ]t .
This is again a finite Dirichlet series with integer coefficients, so PG,N(s) can be defined
for any complex number s. The identity PG(t) = PG/N(t)PG,N(t) holds initially for
sufficiently large positive integers t, but it remains valid as an identity in the ring of
Dirichlet series. So we can factorize PG(s) as
PG(s)= PG/N(s)PG,N(s).
If N  FratG, then PG,N(s) = 1 for any s, otherwise we get a nontrivial factorization.
By taking a chief series of G, and iterating the above formula, we obtain an expression of
PG(s) as a product indexed by the non-Frattini chief factors in the series. One of the main
results of this paper (see Theorem 18) is that the factors of PG(s) obtained in this way are
independent of the choice of the chief series.
As it is explained in Section 2, this result is already known in the case of soluble groups.
It follows from a formula due to Gaschütz, that allows to compute PG(s) from the behavior
of the chief factors of G as G-modules. More precisely for any irreducible G-module M
one need to know the dimension ofM over EndGM and the number of complemented chief
factors G-isomorphic to M in a chief series of G. In this paper we obtain a similar formula
for an arbitrary finite group G. We employ an equivalence relation between G-groups,
which generalizes the notion of isomorphism of G-modules in the non-abelian case (see
Section 3). It turns out that PG(s) can be computed if, for any irreducible G-group A, one
knows how G acts on A and how many non-Frattini chief factors G-equivalent to A are
there in a chief series ofG (the crucial fact is that the number of these factors is independent
of the choice of the series). A critical remark for our proof is the following: ifN1 andN2 are
non-G-equivalent minimal normal subgroups, then there is no proper subgroup ofG which
supplements both N1 and N2 (see Theorem 12). A useful tool to analyze this phenomenon
and the interaction between two nonequivalent factors is the notion of crown, explained in
Section 3.
Using our results we are able to describe the finite Dirichlet series that arise in the
factorization of PG(s) corresponding to a chief series. These are suitable “twists” of
PL,soc(L)(s), where L runs in the set of primitive monolithic epimorphic images of G.
More precisely, let L be a monolithic primitive group, and let N be its socle. We define
P˜L,1(s) = PL,N(s),
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i−2
N )γN
|N |s for i > 1,
where γN = |CAutN(L/N)| and qN = |EndL N | if N is abelian, qN = 1 otherwise. In
Section 4 we prove that the factors of PG(s) corresponding to the non-Frattini factors in a
chief series are all of the kind P˜L,i(s), for suitable choices of L and i. Conversely, for any
primitive monolithic group L and any positive integer i, there exists a finite group G= Li
(that will be called the crown-based power of L of size i) with the property that P˜L,i(s)
divides PG(s). This reduces the problem of classifying the generalized Euler factors of
finite groups to that of factorizing P˜L,i(s). One could conjecture that P˜L,i(s) is irreducible
for any choice of L and i but unfortunately this is false even in the case when L is simple
and i = 1; namely, Boston [2] noticed that if G= PSL(2,7) then PG(s) is reducible.
In Section 5 we give an application of our results, solving a question asked by Pak [15].
He studied the problem of how many random elements must be taken in a finite group G
to have a “good” probability of generating G with these elements and made the following
conjecture: given a real number α with 0 < α < 1 there exists an absolute constant βα such
that for any finite groupG and any integer t  βαd(G) log log |G| we have PG(t) α (here
and in the following d(G) will denote the smallest cardinality of a generating set of G).
We prove that this is true, and that even a stronger result holds. For any finite group G, let
λ(G) denote the number of non-Frattini chief factors in a chief series of G; given a real
number 0 < α < 1, there exists a constant cα such that for any finite group G and any
positive integer u cα max{1, log(λ(G))} we have PG(d(G)+ u) α.
2. The soluble case
The probability of generating a finite soluble group has been deeply studied by
Gaschütz. In this section we give a brief description of his results which may be useful
for a better understanding of the rest of the paper.
If N is an abelian minimal normal subgroup of a finite group G then PG,N can be easily
computed using the following proposition.
Proposition 1 [9, Satz 2]. Suppose thatN is an abelian minimal normal subgroup of a finite
group G and that t  d(G/N). Denote by c(N) the number of complements of N in G.
• If N  FratG, then PG,N(t)= 1.
• If N  FratG, then PG,N(t)= 1− c(N)/|N |t .
Now assume that G is solvable and let Σ: 1 = N0 < N1 < · · · < Nl = G be a chief
series of G. From the previous proposition, it follows that
PG(t)=
∏
PG/Ni−1,Ni/Ni−1(t)=
∏
1− c(Ni/Ni−1)|Ni/Ni−1|t . (2.1)1il 1il
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the number PG(t) depending on the behavior as G-modules of the chief factors of G. In
the original proof, the notion of crown is implicitly used; that notion was developed by
Gaschütz itself in a subsequent paper [10]. We give a sketch of the proof, trying to make
clear how this notion is involved.
Consider an irreducible G-module M. Let RG(M) be the smallest normal subgroup
contained in CG(M) and satisfying the property that CG(M)/RG(M) is isomorphic as
a G-module to a direct product of copies of M. It turns out that RG(M) coincides with
the intersection
⋂
X∈"(G,M)X, where "(G,M) is the set of G-invariant subgroups X of
CG(M) such that CG(M)/X is G-isomorphic to M and CG(M)/X has a complement in
G/X. The factor CG(M)/RG(M) is called the M-crown of G. The number δG(M) such
thatCG(M)/RG(M)∼=G MδG(M) is called the M-rank of G and coincides with the number
of complemented factors G-isomorphic to M in any chief series of G. If δG(M) = 0, then
the M-crown is the socle of G/RG(M) and has a complement in G/RG(M).
As it is well known, the number c(N) of complements coincides with the cardinality of
the set Der(G/N,N) of derivation from G/N to N, and this cardinality can be computed
using the following result, proved in [1].
Theorem 2. If M is an irreducible G-module then
|Der(G,M)| =
∣∣∣∣Der( GRG(M),M
)∣∣∣∣= |EndGM|δG(M)∣∣∣∣Der( GCG(M),M
)∣∣∣∣.
Combining Proposition 1 and Theorem 2, it is easy to see that for any factor Ni/Ni−1
of the chief series Σ, either Ni/Ni−1 has no complement in G/Ni−1 (in which case
PG/Ni−1,Ni/Ni−1(t)= 1) or
c
(
Ni
Ni−1
)
=
∣∣∣∣Der( GNi , NiNi−1
)∣∣∣∣= ∣∣∣∣Der( GNiRG(M), NiRG(M)Ni−1RG(M)
)∣∣∣∣
being M a G-module isomorphic to Ni/Ni−1, and in the latter case
PG/Ni−1,Ni/Ni−1(t)= PG/Ni−1RG(M),NiRG(M)/Ni−1RG(M)(t).
In particular, it follows that if X = {i | 1 i  l and Ni/Ni−1 ∼=G M} then∏
i∈X
PG/Ni−1,Ni/Ni−1(t) = PG/RG(M),CG(M)/RG(M)(t)
=
∏
0iδG(M)−1
1− |EndGM|
i|Der (G/CG(M),M)|
|M|t (2.2)
independently of the choice of the chief series Σ.
If G is soluble then |Der(G/CG(M),M)| = |M|θG(M) where θG(M) = 0 or 1,
according as M is trivial or not as a G-module. So from (2.2) we can deduce Gaschütz’s
formula [9, Satz 4].
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PG(t) =
∏
M
PG/RG(M),CG(M)/RG(M)(t)
=
∏
M
( ∏
0iδG(M)−1
1− |EndGM|
i |M|θG(M)
|M|t
)
, (2.3)
where M runs in the set of G-irreducible modules G-isomorphic to a complemented chief
factor of G. Moreover, the factorization of PG(t) described in (2.1) is precisely (2.3),
independently of the choice of Σ.
Note that (2.2) remains true if Σ is a chief series of an arbitrary finite group G. In
particular, as it was already noticed in [6], if we define
AG,Σ(t)=
∏
i s.t.
Ni/Ni−1
abelian
PG/Ni−1,Ni/Ni−1(t),
BG,Σ(t)=
∏
i s.t.
Ni/Ni−1
non-abelian
PG/Ni−1,Ni/Ni−1(t),
then
AG,Σ(t)=
∏
M
PG/RG(M),CG(M)/RG(M)(t),
where M runs in the set of G-irreducible module G-isomorphic to a complemented chief
factor of G. It turns out that AG(t) = AG,Σ(t) is independent of the choice of Σ, and,
since PG(t)=AG,Σ(t) ·BG,Σ(t), the same must be true for BG(t)= BG,Σ(t).
Summarizing, we have seen that if H/K is an abelian chief factor of G, then the
contribution to PG coming from PG/K,H/K can be computed working modulo RG(M),
where M ∼=G H/K . Moreover, the contribute given by all the chief factors G-isomorphic
to M depends only on the properties of the crownCG(M)/RG(M), viewed as aG-module.
The independence ofBG from the choice of the chief series leads to conjecture that the non-
abelian chief factors could behave in a similar way. To investigate this question, we need a
generalization of the concept of crown.
3. G-equivalence and crowns
We introduce the notion of G-equivalence following [12].
Definition 4 (See [12, Definition 1.1]). Let A and B two G-groups. We say that they are
G-equivalent and put A ∼G B , if there is an isomorphism Φ :GA→ GB such that the
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1 A
φ
GA
Φ
G 1
1 B GB G 1.
This is an equivalence relation and G-isomorphicG-groups are G-equivalent. Note that
two abelian G-groups are G-equivalent if and only if they are G-isomorphic, but for non-
abelian G-groups the G-equivalence is strictly weaker than G-isomorphism (see [12]).
Let CF(G) be the set of all chief factors of G: the G-equivalence has a useful
characterization on this set. Recall that a group G is said to be primitive if it has a maximal
subgroup with trivial core. The socle soc(G) of a primitive group G can be either an
abelian minimal normal subgroup (I), or a non-abelian minimal normal subgroup (II), or
the product of two non-abelian minimal normal subgroups (III); we say respectively that
G is primitive of type I, II, III and in the first two cases we say that G is monolithic.
Definition 5 (See [7,12]). Two chief factors of a finite group G are said to be G-related if
either they are G-isomorphic between them or to the two minimal normal subgroups of a
primitive epimorphic image of type III of G.
In [12, 1.4] it is proved that two chief factors are G-related if and only if they
are G-equivalent as G-groups; moreover, G-equivalent chief factors of G are either G-
isomorphic between them or to two chief factors of G having a common complement
(which is a maximal subgroup of G).
Now we are ready to define crowns of (non-abelian) irreducible G-groups. Recall that
a chief factor H/K is Frattini if H/K  Frat(G); clearly, a Frattini chief factor is abelian
and non-complemented.
Definition 6. Let A be an irreducible G-group. We set
IG(A)= {g ∈G | g induces an inner automorphism in A},
and
RG(A)=
⋂{
R  IG(A)
∣∣R ✂G, IG(A)/R ∼G A, IG(A)/R non-Frattini},
if the set is nonempty, otherwise we setRG(A)= IG(A). The quotient group IG(A)/RG(A)
is called the A-crown of G or the crown of G associated with A.
Note that two G-equivalent G-groups, A and B , define the same crown; indeed,
IG(A) = IG(B) and so RG(A)= RG(B). Moreover, if X/Y ∈ CF(G), then IG(X/Y )=
XCG(X/Y ), and in particular IG(X/Y )= CG(X/Y ) for abelian chief factors; hence, this
definition generalizes the concept of crown given by Gaschütz.
We collect here a sequence of basic properties of crowns which are described in [7,13]:
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A-crown. Then:
(1) either R = I , in which case we set δG(A) = 0, or I/R = soc(G/R) and it is
a direct product of δG(A) minimal normal subgroups G-equivalent to A (see [7,
Theorem 2.4]);
(2) each chief series of G contains exactly δG(A) non-Frattini chief factors G-equivalent
to A (see [13, Proposition 1.11]);
(3) if A is abelian, then I/R has a complement in G/R (see [7, Theorem 2.4]);
(4) two different minimal normal subgroups of a crown have a common complement (see
[7, Definition 2.1(b)]);
(5) two non-Frattini chief factors of G are G-related if and only if they define the same
crown (a consequence of (1)).
Note that by Proposition 7, (2) and (1) it follows that, in a chief series passing through
RG(A) and IG(A), the unique non-Frattini factors G-equivalent to A are those between
RG(A) and IG(A); in particular, if H/K ∈ CF(G) is non-Frattini, then H/K ∼G A if and
only if KRG(A) < HRG(A) IG(A).
Definition 8 (see [4]). Let now L be a monolithic primitive group and let A be its unique
minimal normal subgroup. For each positive integer k, let Lk be the k-fold direct product
of L. The crown-based power of L of size k is the subgroup Lk of Lk defined by
Lk =
{
(l1, . . . , lk) ∈ Lk
∣∣ l1 ≡ · · · ≡ lk mod A}.
Clearly, soc(Lk) = Ak , Lk/ soc(Lk) ∼= L/ soc(L), and the quotient group of Lk over
any minimal normal subgroup is isomorphic to Lk−1 for k > 1.
Let A be an irreducible G-group with δG(A) = 0 and let ρ :G→ Aut(A) be defined by
g → gρ , where gρ :a → ag for all a ∈A. The monolithic primitive group associated with
A is defined as
LA =
{
GρA∼= (G/CG(A))A if A is abelian,
Gρ ∼=G/CG(A) otherwise.
Observe that LA is a primitive group of type I or II, and soc(LA)∼=G A. Note that two G-
equivalent G-groups may have different centralizers in G, but their associated monolithic
primitive groups are isomorphic. We shall prove that G/RG(A) is isomorphic to a crown-
based power of LA.
Let L be a monolithic primitive group and set A= soc(L). Note that, if A is abelian,
then the minimal normal subgroups of L2, a crown-based power of L, are L2-isomorphic
to A. On the other hand, if A is non-abelian, then L2 is a primitive group of type III. In
any case, the minimal normal subgroups of L2 are L2-equivalent to A, the A-crown of
L2 coincides with soc(L2) and δL2(A)= 2. More in general, in Lk every minimal normal
subgroup is Lk-equivalent to A, the A-crown is soc(Lk) and δLk (A)= k.
Vice versa, a primitive group G of type III results to be a crown-based power (of size 2)
of G/N , where N is a minimal normal subgroup of G, and so two G-groups A and B are
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crown-based power of size at most 2. Indeed, arguing as in [4, Theorem 1.4], we now prove
that:
Proposition 9. Let A be a non-Frattini chief factor of a finite group G and let
IG(A)/RG(A) be its crown. Then G/RG(A) is isomorphic to a crown-based power, of
size δG(A), of the monolithic primitive group associated with A.
Proof. We can clearly assume that RG(A) = 1. Thus S = soc(G) = IG(A) is a direct
product of δ = δG(A) minimal normal subgroups, say N1, . . . ,Nδ , and each of them is
G-related to A.
If A is abelian, then the Nj are indeed G-isomorphic (and G-isomorphic to A).
Moreover, by Proposition 7(3), S has a complement,X say, andX ∼=G/CG(A). Thus,L=
XA G is isomorphic to the monolithic primitive group associated with A and, bearing
in mind that the Nj are G-isomorphic to A, it is possible to construct an isomorphism
between G and Lδ .
Now assume that A is non-abelian. By Proposition 7(4), for each j = 2, . . . , δ there is a
subgroup Xj which complements both N1 and Nj . It is easy to prove that the projections
πj :Xj ∩ (N1 ×Nj )→N1 and ρj :Xj ∩ (N1 ×Nj )→Nj are isomorphisms. Thus φj =
π−1j ρj is an isomorphism from N1 to Nj such that Xj ∩ (N1 ×Nj )= {xxφj | x ∈N1}.
Let L be the monolithic primitive group associated with N1 and let α1 :G → L be
the homomorphism defined by the conjugation action of G on N1. Note that, since N1 is
G-related to A, L is isomorphic to the monolithic primitive group associated with A. For
j > 1, define αj :G→ L by
gαj :x → ((xφj )g)φ−1j whenever g ∈G, x ∈N1.
It is easy to check that, as G = XjN1, the map gαj is gα1 followed by an inner
automorphism of N1, and so
gα1 ≡ · · · ≡ gαδ mod InnN1.
In particular, it follows that each αj has image L, and the αj together yield an
homomorphism α from G onto Lδ . The kernel of this homomorphism is the intersection
of the kernels of the αj ’s, that is, of the centralizers of the Nj ’s. Therefore, α is an
isomorphism between G and Lδ . ✷
Summarizing, we have established a correspondence between crowns and crown-based
powers; if A is an irreducible G-group and δG(A) = 0, then the A-crown of G is the socle
of the crown-based power G/RG(A) of the monolithic primitive group LA. Conversely,
the socle of a crown-based power is a crown. We say that G/RG(A) is the A-crown-based
image of G.
Now we show that a homomorphic image G/N of a group G is a crown-based power if
and only if RG(A)N < IG(A) for a minimal normal subgroup A of G/N .
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set A= soc(L). Let N be a normal subgroup of G. Then RG(A)N < IG(A) if and only
if the quotient group G/N is isomorphic to a crown-based power of L and the minimal
normal subgroups of G/N are G-related to A.
Proof. Assume that G/N is isomorphic to a crown-based power Lk of L and that
the minimal normal subgroups of G/N are G-related to A. If M/N is a minimal
normal subgroup of G/N , then the M/N -crown of G/N is soc(G/N) = S/N , that is,
IG/N(M/N) = S/N and RG/N(M/N) = {N}. Thus, IG(M/N) = S and, by definition,
RG(M/N)N . Since A and M/N have the same crown in G, we conclude that RG(A)
N < IG(A)= S.
Vice versa, in the previous proposition we have proved that G/RG(A) is a crown-based
power and its socle is IG(A)/RG(A). By the structure of crown-based powers it follows
that, if N ✂G and RG(A)N < IG(A), then G/N is a crown-based power of the same
primitive group. This concludes the proof. ✷
Note that the previous statement does not remain true if we do not assume that the
minimal normal subgroups of G/N are G-related to A. Indeed, in a finite group G there
may exist two isomorphic monolithic primitive images with non-G-equivalent socles. For
example, the two minimal normal subgroups of G1 = Alt(5)× Alt(5) are G1-equivalent,
but they are not equivalent in G2 = Sym(5)× Sym(5); in particular, G2 has two different
crown-based images, both isomorphic to Sym(5).
LetN be a minimal normal subgroup of G. If N is abelian, from Theorem 2 one deduces
that the number of supplements of N in G can be computed working modulo RG(N). Our
next result tries to generalize this property to the non-abelian case. It will be our main tool
in the analysis of the function PG(s).
Proposition 11. Let A ∈ CF(G) and let X be a direct product of minimal normal
subgroups G-equivalent to A. If H is a subgroup of G such that HX = HRG(A) = G
then H =G.
This proposition is a special case of the following result, which is a bit more technical
but gives an interesting characterization of RG(A). However, we will not use this fact in
the rest of the paper.
First, we introduce two new definitions. Let A be an irreducible G-group. We will say
that (X,Y ) is a A-pair if X, Y are normal subgroups of G with Y < X, satisfying: for
any X/Y ∈ CF(G) with Y  Y X X, the factor X/Y is either Frattini or G-equivalent
to A. Moreover, we will denote by TA the set of normal subgroups T of G which satisfy
the property:
(∗) for any A-pair (X,Y ) and any subgroup H of G, if HX =G and (HY )T =G then
HY =G.
Theorem 12. Let A be an irreducible G-group with δG(A) = 0. Then T ∈ TA if and only
if T RG(A).
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and H be a subgroup of G with G = HX = HYT . We have to prove that G = HY. We
can certainly assume that Y = 1. As T R, we have G=HR =HX. Suppose, contrary
to our claim, that H =G and let M be a maximal subgroup of G containing H . Clearly
G =MR =MX. Since R has no non-Frattini chief factor G-equivalent to A, X ∩ R 
FratG. Thus [M ∩X,R] [X,R]X ∩R  FratG, and (M ∩X)FratG✂G=MR. In
the same way, (M ∩R)FratG✂G.
Set K = (M ∩ X)(M ∩ R)FratG ✂ G and consider M = M/K . Clearly, X =
XK/K = 1 and R = RK/K = 1 (otherwise X K M and G=MX =M). Moreover,
M ∩X= 1, since M ∩ XK = K(M ∩ X) = K , and M ∩ R = 1. Thus, M is a maximal
subgroup which complements both X and R. In particular, X and R are minimal normal
subgroups and they are either G-isomorphic between them or to the two minimal normal
subgroups of the primitive group G/MG; in both cases, they are G-related. We conclude
that R has a non-Frattini chief factor G-equivalent to A, a contradiction (see our remark
after Proposition 7).
Now we prove that if T ∈ TA then T R. Suppose, contrary to our claim, that R = T R.
Then there exists a minimal normal subgroup X/R of G/R contained in TR/R. Since
G/R is a crown-based power, (X,R) is an A-pair and there exists a maximal subgroup
H/R of G/R which does not contain X/R. Clearly HX = G and, since TR  X,
HTR =G. Therefore, property (∗) of T gives that H =HR =G, a contradiction. ✷
4. Factorizing the probability
In this section we state some results on the factorization of the Dirichlet series PG(s).
All of these results hold, and are proved, for sufficiently large integers, and in this case they
actually are a factorization of the probability PG(t) of generating a finite group G with t
random elements.
Indeed, as explained in the introduction, if N is a normal subgroup of G, the function
PG,N(t) is defined only for sufficiently large positive integers and represents the probability
that t elements generate G given that they generate G modulo N . However, there exists a
function PG,N(s), s ∈C, interpolating the values PG,N(t) and this function can be written
as a finite Dirichlet series with integer coefficients. Moreover, note that if a finite Dirichlet
series f is zero when computed for sufficiently large positive integers, then f (s)= 0 for
any s ∈C, and so the finite Dirichlet series interpolating the values PG,N(t) is unique. This
has the following consequence: a factorization of PG,N (and PG = PG,G) as a product of
finite Dirichlet series which holds for any integer t  d(G) holds also for any complex
number s.
Proposition 13. Let N be a direct product of some minimal normal subgroups of G, each
of them G-equivalent to a G-group A. Then
PG,N(s)PG,RG(A)(s)= PG,NRG(A)(s),
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PG,N(s)= PG/RG(A),NRG(A)/RG(A)(s).
Proof. By the above remark, it is sufficient to prove the proposition for any integer
t  d(G).
Note that every crown-based image of G has trivial Frattini subgroup. Thus Frat(G)
RG(A) and so RG(A)=RG/Frat(G)(A). Moreover,
PG,N(t)= PG(t)
PG/N(t)
= PG/Frat(G)(t)
PG/N Frat(G)(t)
= PG/Frat(G),N Frat(G)/Frat(G)(t).
So, there is no loss of generality in assuming Frat(G)= 1.
Set R = RG(A) and observe that N ∩ R  N ∩ Frat(G) = 1, since R has no non-
Frattini chief factor G-equivalent to A. Let g1, . . . , gt be t elements of G such that
〈g1, . . . , gt 〉 =G. By a result of Gaschütz [8], if M ✂G, then the cardinality of the set
Ωg1,...,gt ,M =
{
(m1, . . . ,mt ) ∈Mt
∣∣ 〈g1m1, . . . , gtmt 〉 =G}
is independent of the choice of the t elements g1, . . . , gt generating G and coincides with
PG,M(t)|M|t . Thus it is sufficient to prove that
|Ωg1,...,gt ,N ||Ωg1,...,gt ,R| = |Ωg1,...,gt ,NR |.
Let (n1, . . . , nt ) ∈Ωg1,...,gt ,N and (r1, . . . , rt ) ∈Ωg1,...,gt ,R , that is,
〈g1n1, . . . , gtnt 〉 = 〈g1r1, . . . , gt rt 〉 =G.
Take H = 〈g1n1r1, . . . , gtnt rt 〉. As [N,R] = 1, it follows easily that HR =HN =G and
so Proposition 11 gives H =G, that is,
(n1r1, . . . , nt rt ) ∈Ωg1,...,gt ,NR.
Therefore, we can define a map
ψ :Ωg1,...,gt ,N ×Ωg1,...,gt ,R → Ωg1,...,gt ,NR,(
(n1, . . . , nt ), (r1, . . . , rt )
) → (n1r1, . . . , nt rt ),
and we need only to check that ψ is a bijection. If niri = n′ir ′i , then n−1i n′i = rir ′i−1 ∈
N ∩R = 1, and so ψ is injective. Let now 〈g1x1, . . . , gtxt 〉 =G, where xi = niri ∈NR =
N × R, and set H = 〈g1n1, . . . , gtnt 〉. Clearly, HR =G and, since G= 〈g1, . . . , gt 〉, we
get HN = G. Therefore, by Proposition 11, we obtain H = G, that is, (n1, . . . , nt ) ∈
Ωg1,...,gt ,N . By the same arguments, (r1, . . . , rt ) ∈ Ωg1,...,gt ,R . Thus ψ is also surjective
and the first part of the proposition is proved.
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PG,N(t)= PG,NR(t)
PG,R(t)
= PG(t)
PG/NR(t)
PG/R(t)
PG(t)
= PG/R(t)
PG/NR(t)
= PG/R,NR/R(t),
and this concludes the proof. ✷
As in the soluble case, we may express the probability of generating G as a pro-
duct indexed by the irreducible G-groups. The contribute given by a G-equivalence class
depends only on the properties of the corresponding crown-based image.
Theorem 14. Let G be a finite group. Then
PG(s)=
∏
A
PG/RG(A),IG(A)/RG(A)(s),
where A runs in the set of irreducible G-groups G-equivalent to a non-Frattini chief factor
of G.
Proof. It is sufficient to prove the theorem for any integer t  d(G). Since Frat(G) 
RG(A) for every A, and PG(t)= PG/Frat(G)(t), there is no loss of generality in assuming
Frat(G)= 1. Now, Theorem 2.9 in [7] shows that there are a normal subgroup N of G and
a non-Frattini chief factor B of G such that NRG(B) = IG(B) and N ∩ RG(B) = 1. In
particular, N ∼=G IG(B)/RG(B), the B-crown of G, and so N is a direct product of δG(B)
minimal normal subgroups G-equivalent to B . Hence, by Proposition 13,
PG,N(t)= PG/RG(B),IG(B)/RG(B)(t).
Moreover, by Proposition 7, (1) and (2), no chief factor of G/N is G-equivalent to B .
On the other hand, if A G B and δG(A) = 0, then A is G-isomorphic to a chief factor
of G/N . Since each G-chief factor of IG(A)/RG(A) = soc(G/RG(A)) is G-equivalent
to A, we have that NRG(A)/RG(A)= 1, that is, N  RG(A). In particular, RG/N(A)=
RG(A)/N , IG/N(A)= IG(A)/N , and δG/N(A)= δG(A) (see also [7, Lemma 2.6]).
By induction, we conclude that
PG(t) = PG/N(t)PG,N(t)=
∏
AGB
PG/RG(A),IG(A)/RG(A)(t) · PG/RG(B),IG(B)/RG(B)(t)
=
∏
A
PG/RG(A),IG(A)/RG(A)(t),
and this completes the proof. ✷
As a corollary of the previous theorem, we obtain a new proof of a result already
contained in [4], which affirms that any finite group has a crown-based image with the
same minimal number of generators.
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epimorphic image of G which is a crown-based power can be generated by d elements.
Proof. By Proposition 9, G/RG(A) is a crown-based power for every irreducibleG-group
A with δG(A) = 0. Note that d(G/RG(A)) d implies PG/RG(A)(d) = 0 and consequently
PG/RG(A),IG(A)/RG(A)(d) = 0. So, if every G/RG(A), with δG(A) = 0, can be generated
with d elements, then by Theorem 14 we get PG(d) = 0, i.e., d(G) d. ✷
In [5] the authors give a formula for PLδ (s), where Lδ is a crown-based power of L,
which depends only on δ and on the action of L on soc(L). Thus, by Theorem 14
and Proposition 9, we can express PG(s) as a product depending on δG(A) and on the
monolithic primitive group LA associated with A, where A runs in the set of irreducible
G-groups G-equivalent to a non-Frattini chief factor of G.
Using Proposition 13, we shall give another proof of this factorization that lays more
emphasis on the contribute given by each factor of a chief series of G, and, in particular, on
the independence of the factorization from the given series. We first compute the contribute
given by a minimal normal subgroup:
Proposition 16. Let N be a minimal normal subgroup of a group G with N  FratG,
and LN be the monolithic primitive group associated with N . Moreover, define γN =
|CAut(soc(LN))(LN/ soc(LN))| and let qN = |EndLN N | if N is abelian, qN = 1 otherwise.
Then,
PG,N(s)=
{
PLN ,soc(LN)(s) if δG(N)= 1,
PLN ,soc(LN)(s)−
(
1+ qN + · · · + qδG(N)−2N
)
γN/|N |t otherwise.
Proof. Again it is sufficient to prove the statement for any integer t  d(G).
By Proposition 13, PG,N(t)= PG/RG(N),NRG(N)/RG(N)(t). Moreover, by Proposition 9,
G/RG(N) is isomorphic to the crown-based power Lδ of L= LN , of size δ = δG(N), and
clearly NRG(N)/RG(N) is isomorphic to a minimal normal subgroup M of Lδ ; thus
PG,N(t)= PLδ,M(t).
In other words, we are reduced to prove the statement in the case that G is the crown-based
power of L of size δ.
For δ = 1 there is nothing to prove, so we assume δ > 1. Since PG,N(t) =
PG(t)/PG/N (t) = PLδ (t)/PLδ−1(t), our statement could be deduced from the formula
in [5]. However, we want to give a sketch of a direct proof. We have soc(G) = N1 ×
· · · × Nδ−1 × Nδ and we may identify N with Nδ. Moreover, let X = N1 × · · · × Nδ−1.
Recall that PG,N(t)|N |t coincides with the cardinality of the set Ω = {(n1, . . . , nt ) ∈Nt |
〈g1n1, . . . , gtnt 〉 =G}, where g1, . . . , gt generate G.
If ν = (n1, . . . , nt ) ∈ Ω then in particular ν ∈ Θ = {(n1, . . . , nt ) ∈ Nt | 〈g1n1X, . . . ,
gtntX〉 =G/X}. Note that, as G/X∼= L and NX/X = soc(G/X), we have
|Θ| = PG/X,NX/X(t)|NX/X|t = PL,soc(L)(t)|N |t .
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Hν/CHν (N)
∼= L/CL(N). Hence, either Hν =G, i.e. ν ∈Ω, or Hν is a complement for
N in G. In the second case, Hν has the following properties:
(1) Y =X ∩Hν is the direct product of δ− 2 minimal normal subgroups of G;
(2) G/Y ∼= L2 and Hν/Y is a common complement to the minimal normal subgroups
NY/Y and X/Y.
Indeed, Y is a normal subgroup of G = HνN of order |N |δ−2, as HνX = G and
|G| = |Hν ||N |, and, by the structure of soc(G), Y is a direct product of minimal normal
subgroups of G. Moreover, G/Y ∼= Lδ/Nδ−2 ∼= L2. Conversely, if H is a complement of
N in G, then there exist ni ∈N , i = 1, . . . , t , such that gini ∈H ; in addition, if H satisfies
the previous properties, then ν = (n1, . . . , nt ) ∈Θ \Ω and H =Hν . Finally, if ν1 and ν2
are two different elements in Θ \Ω, then Hν1 =Hν2 . Hence |Ω | = |Θ| − σ, where σ is
the number of subgroups of G satisfying the two previous properties.
Note that, as we have seen in the proof of Proposition 9, the subgroups of L2
complementing two different minimal normal subgroups are precisely those of the form
{(l, lα) | l ∈ L}, with α ∈ CAut(soc(L))(L/ soc(L)). Thus a subgroup H with the previous
properties is uniquely determined by the knowledge of the normal subgroup Y and the
automorphism α. The number of choices for Y is 1+ qN + · · · + qδ−2N , while the number
of choices for α is γN . Hence
PG,N(t)= |Ω ||N |t =
|Θ| − σ
|N |t = PL,soc(L)(t)−
(1+ qN + · · · + qδ−2N )γN
|N |t ,
and the proof is complete. ✷
When N is abelian, the previous result can be also deduced by Proposition 1 and
Theorem 2, and the equality γN = (qN − 1)|Der(L/N,N)|.
Let L be a monolithic primitive group, and let N be its socle. We define
P˜L,1(s) = PL,N(s),
P˜L,i(s) = PL,N(s)− (1+ qN + · · · + q
i−2
N )γN
|N |t for i > 1,
where γN = |CAutN(L/N)| and qN = |EndL N | if N is abelian, qN = 1 otherwise.
With this notation, Proposition 16 can be rewritten as
PG,N(s)= P˜LN ,δG(N)(s).
Let us give a look at the case G= Lk , a crown-based power. If N1 is a minimal normal
subgroup of Lk then PLk,N1(s) = P˜L,k(s). Also, if N2 = N1 is another minimal normal
subgroup of Lk , then PLk/N1,N2N1/N1(s) = P˜L,k−1(s). Thus, recalling that soc(Lk) is a
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length k in which every factor is Lk-related to N , we obtain
PLk,soc(Lk)(s)=
∏
1ik
P˜L,i(s).
Consider now a non-Frattini chief factor H/K of a finite group G. If H/K is
G-equivalent to a G-group A, then the two monolithic primitive groups LH/K and LA are
isomorphic, qH/K = qA, γH/K = γA and, obviously, |H/K| = |A|. Thus we can rewrite
Proposition 16 in this way:
Theorem 17. If H/K ∼G A is a non-Frattini chief factor of a finite group G, then
PG/K,H/K(s)= P˜LA,i(s),
where i = δG/K(A) is the number of non-Frattini chief factors G/K-equivalent (and also
G-equivalent) to A in a given chief series of G/K .
Since in any chief series of G the number of non-Frattini chief factors G-equivalent
to A is precisely δG(A), we get that the contribute that these factors give to PG(s) is∏
1iδG(A) P˜LA,i(s). Therefore, if 1 = N0 < N1 < · · · < Nl = G is a chief series of G,
we can collect together the G-equivalent terms to obtain
PG(s) =
∏
1il
PG/Ni−1,Ni/Ni−1(s)=
∏
Ni/Ni−1
non-Frattini
PG/Ni−1,Ni/Ni−1(s)
=
∏
A
( ∏
Ni/Ni−1∼GA
PG/Ni−1,Ni/Ni−1(s)
)
=
∏
A
( ∏
1iδG(A)
P˜LA,i(s)
)
,
where A runs in the set of irreducible G-groups G-equivalent to a non-Frattini chief factor
of G. This gives another proof of Theorem 14, and in particular shows that, independently
of the choice of the chief series, we get the following factorization.
Theorem 18. Let G be a finite group. Then
PG(s)=
∏
A
( ∏
1iδG(A)
P˜LA,i (s)
)
, (4.1)
where A runs in the set of irreducible G-groups G-equivalent to a non-Frattini chief
factor of G, and LA is the monolithic primitive group associated with A. Moreover, the
factorization of PG(s) corresponding to the non-Frattini factors in a chief series Σ of G
is precisely (4.1), independently of the choice of Σ .
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Confirming a conjecture of Pak [15], we prove that any finite group G can be generated
by d(G)+O(log log |G|) random elements with good probability (from now on, all the
logarithms are to base 2).
To do that, we recall the following result, which has been proved using the classification
of finite simple groups.
Theorem 19 [5, Theorems 2 and 3]. Let L be a monolithic primitive group. For any
k,u ∈N,
(1) if soc(L) is abelian, then PLk,soc(Lk)(d(Lk)+ u) 1− 2−u;
(2) there exist two positive real numbers η1 and η2 such that if soc(L) is non-abelian, then
PLk,soc(Lk)(d(Lk)+ u) 1− η1k2/2η2u.
For any finite group G, let λ(G) denote the number of non-Frattini factors in a chief
series of G; this number is an invariant of G (Proposition 7(2)).
Theorem 20. Given a real number 0 < α < 1, there exists a constant cα such that, for any
finite group G,
PG
([
d(G)+ cα logλ(G)
])
 α,
if λ(G) > 1, otherwise PG([d(G)+ cα]) α.
Proof. Let G be a finite group and set λ= λ(G). First, note that in the proof of Theorem 3
from [5] it is shown that η1 > 1 and η2  1/2 and so 1− 2−u  1− η1k2/2η2u, for each u
and k. Therefore, combining Proposition 9 and Theorem 19, we obtain that
PG/RG(A),IG(A)/RG(A)
([
d(G)+ u]) 1− η1δG(A)2
2η2[u]
 1− η1δG(A)
2
2η2(u−1)
for every irreducible G-group A G-equivalent to a non-Frattini chief factor of G. Since∑
A δG(A)= λ, Theorem 14 yields that
PG
([
d(G)+ u]) = ∏
A
PG/RG(A),IG(A)/RG(A)
([
d(G)+ u])

∏
A
(
1− η1δG(A)
2
2η2(u−1)
)
 1− η1
∑
A δG(A)
2
2η2(u−1)
 1− η1λ
2
2η2(u−1)
= 1− η122 logλ−η2(u−1).
Now, let us fix an integer c > 2/η2: as limx→∞ 2 logx − η2(c logx − 1)=−∞, there
exists a real number xα  2 such that, for every x  xα ,
1− η122 logx−η2(c logx−1)  α.
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(1) if λ xα, then
PG
([
d(G)+ cα logλ
])
 PG
([
d(G)+ c logλ]) 1− η122 logλ−η2(c logλ−1)  α;
(2) if λ xα, then
PG
([
d(G)+ cα max{1, logλ}
])
 PG
([
d(G)+ cα
])
 1− η122 logλ−η2(c logxα−1)
 1− η122 logxα−η2(c logxα−1)  α,
and the proof is complete. ✷
A slight change in the proof actually shows that there is a constant k such that if f is a
function satisfying
lim
x→∞f (x)− k logx =∞,
then
lim
x→∞ infG s.t.
λ(G)x
PG
([
d(G)+ f (x)])= 1.
Remark. After the submission of the paper, we was informed that Pak’s conjecture was
independently proved by Alexander Lubotzky (see ‘The expected number of random
elements to generate a finite group,’ Journal of Algebra, 257 (2002) 452–459).
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